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ABSTRACT 

We describe the algebraic structure of linearly recursive sequences under the 
Hadamard (point-wise) product. We characterize the invertible elements and 
the zero divisors. Our methods use the Hopf-algebraic structure of this algebra 
and classical results on Hopf algebras. We show that our criterion for 
invertibility is effective if one knows a linearly recursive relation for a 
sequence and certain information about finitely-generated subgroups of the 
multiplicitive group of the field. 

1. Introduction 

In this paper we describe the algebraic structure of  linearly recursive 

sequences with respect to the Hadamard  product.  Specifically, in Theorem 1.1 

we characterize the invertible elements of  this algebra, and in Theorem 1.2 we 

characterize the zero divisors of  this algebra. Similar work in the case that  the 

base field has characteristic 0 was done by Benzaghou [2] using analytic 

methods,  and more recently by Reutenauer  [7] for an arbitrary characteristic 

using more algebraic methods.  The methods used here make explicit use of  the 

Hopf-algebraic structure of  the algebra o f  linearly recursive sequences, and of  

classical results on the structure of  Hopf  algebras. We also prove that  the 

criterion we give here for Hadamard  invertibility is effective in the sense that, 

given a minimal  polynomial  which the linearly recursive sequence satisfies, 

and  the ability effectively to answer questions about subgroups o f  the group of  

nonzero elements of  the base field, we can determine whether a linearly 

recursive sequence is Hadamard  invertible. 
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Linearly recursive sequences have been studied in computer science in the 
context of  feedback shift registers. See [8] for details. 

If a, b ~ 0 the sequence (b, a b , . . . ,  a"b . . . .  ) is a linearly recursive 
sequence (satisfying the relation f~+~=af~). Its inverse with respect 
to the Hadamard product (b -l, a - l b - I , . . . ,  a - n b - ~ , . . .  ) is also a linearly 

recursive sequence (satisfying the relation f~+l = a-~f~). The sequence 
(b, ab . . . . .  anb . . . .  ) is called a geometric sequence (with multiplier a). 

An important notion for linearly recursive sequences is interlacing: if 

(en)n _-> o, (f)~ ->_ 0,- - . ,  (g~)~ _-> 0 are linearly recursive sequences, their interlacing is 
the sequence 

eo, fo . . . . .  go, el, f . . . . .  gl, e2, f2 . . . .  , g2 . . . .  

More precisely, suppose that f = (f,,),>_-o is a linearly recursive sequence 

satisfying the polynomial pi(X) for i = O , . . . ,  t - 1. (We say that the sequence 

( f . )n  >_-0 satisfies the polynomial 

p ( X )  ~-  X r - p l  X r - I  - p 2 X  r - 2  . . . . .  P r  

if 

f~ = P~ f~-t + P2f~-: + " ' "  + Prf~-, ,  for all n > r . )  

Then the sequence fdef ined  byf~ = f~,j, where i = n mod t a n d j  = [_n/tJ is a 
linearly recursive sequence, satisfying the polynomial po(Xt) • •. Pt- ~(Xt). The 

sequence f i s  the interlacing of  the sequences f0, • • . ,  f t -  1. It is clear that the 
interlacing of a finite number of sequences, each of which has a linearly 

recursive inverse with respect to the Hadamard product, has a linearly 
recursive inverse with respect to the Hadamard product. 

The main theorems, of  this paper are the following. 

THEOREM 1.1. Let f be a linearly recursive sequence. Then f is Hadamard 
invertible i f  and only i f f is  everywhere nonzero, and except for a finite number of  
terms, is the interlacing of  geometric series. 

THEOREM 1.2. The linearly recursive sequences f and g satisfyfg = 0 i f  and 
only i f  f and g are the interlacing oft linearly recursive sequences f~ and gi, except 
for a finite number of  terms, and for each i, either f~ = 0 or gi = O. 

Let k be a field, let k[X] be the algebra of  polynomials in the variable X, and 

let k[X]* be vector space of  k-linear functions on k[X]. E a c h f ~  k[X]* can be 

identified with the sequence (fo, f ,  f2 . . . .  )---(f~)n~>0, where f~ = f(X~). The 
continuous dual coalgebra k IX] ° (see [9] for details) consists of  those f ~  k IX]* 
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such that f (J)  = 0 for some cofinite ideal J c_ k[X]. Any such ideal J is a 

principal ideal generated by a monic polynomial 

p(X) ---X r - p lX "-I - p2X r-2 . . . . .  p,.. 

If  f ( J ) =  0, where J = (p(X)), then the sequence f ,  is linearly recursive, 

satisfying 

fn ---- Pl fn-I + P2fn-2 + " ' "  "}- P, f , - r ,  for all n >-- - r .  

Conversely, if the sequence f .  satisfies this recurrence relation, then fvanishes 

on the ideal J = (p(X)). If p(X) is a polynomial such that f ( J ) =  0, where 

J = (p(X)), we say that the polynomial p(X) is associated with the linearly 

recursive sequence (f.), and that the linearly recursive sequence (f.) satisfies 
p(X). 

The coalgebra structure of  k[X] ° depends on the algebra structure of  k[X]. 
The algebra structure of k[X] ° depends on the coalgebra structure of k[X]. 
In [5], these ideas were investigated, using the coalgebra structure of k[X] 
under which A(X) = 1 @X + X@ 1 and e(X) = 0, that is, with Xprimitive. In 

this case, identifying k[X]* as a formal power series algebra of series f =  
Z. _>0 f .  Zt"), where Zt")(X p) = 6. 9, the product is given by the Hurwitz product 

Z(,,)Z(,) = ( m ; n) z(m+"). 

The Hopf  algebra k[X] ° is a subalgebra of this divided-power series algebra. 
In this paper we consider a different coalgebra structure on k[X] under 

which k[X]* becomes a bialgebra but not a Hopfalgebra. The algebra structure 
induced on the recursive sequences k[X]* by this coalgebra structure is the 
Hadamard product. For this coalgebra structure, we let A(X)= X @X and 

e(X) = l, that is, we let X b e  grouplike. Since A(X") = X" @X ~ for all n > 0, 

the multiplication on k[X]* is given by (f.)(g~) = (h.) with h. = f .g . ,  that is, 

the Hadamard product of  the sequences (f.) and (g.). In this paper we 

determine the group of units of  the algebra k[X]*, that is, those linearly 

recursive sequences which are invertible with respect to the Hadamard 

product. Since a necessary condition f o r f ~  k[X] ° to be invertible is thatf .  ÷ 0 
for all n, we can rephrase the problem: determine when the sequence (f . -  1 ) is 
linearly recursive. We also determine the zero divisors in k[X] °, that is, those 

linearly recursive sequences (f.) and (g.) such that f .g .  = O. 
Since linearly recursive sequences occur throughout mathematics, the alge- 
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braic structure of the set of  such sequences has been discussed by many 
authors. We do not list all possible related references here. We do wish to 
mention the article of van der Poorten [6] in which linearly recursive se- 

quences are identified with power series expansions of rational functions. 

Since the product used in that paper is the usual one (which differs from the 

Hadamard product) we will not make use of the representation of linearly 

recursive sequences as rational functions here. The characterization we give 

for Hadamard-invertible linearly recursive sequences is not new: see for 
example [7]. We wish to thank J.-P. B6zivin for bringing the work of  Reute- 
nauer found in [7] to our attention. What is new in this paper are the algebraic 
methods which we use to prove the results, in particular, the natural appli- 

cation of Hopf-algebraic techniques. A general introduction to the theory of 
Hopfalgebras can be found in [9]. A discussion of the relation between linearly 

recursive sequences and Hopf  algebras can be found in [5]. 

All bialgebras considered in this paper are commutative and cocommuta- 

tive. If the field k is algebraically closed, the structure of cocommutative Hopf 

algebras is well understood (see [9] for a complete presentation). 
An example of  a cocommutative Hopf  algebra is the following: let G be a 

group, and let kG be a vector space with basis G. Define a multiplication on kG 
by extending the group multiplication linearly to all of  kG; the unit in G is a 
unit for this multiplication. Define a comultiplication A : kG ~ kG ~ kG by 

letting A(g) = g ~ g for g E G and extending linearly; the map e : kG ---, k such 
that e(g)= 1 for g EG is a counit for this multiplication. Let H be a 

cocommutative Hopf algebra, and define 

G ( n ) = { h E n l h ~ O  and A(h)=ht~h} .  

The elements of G(H) are called the grouplike elements of H. It can be shown 
that they are linearly independent over k, and form a group under multiplica- 
tion. It follows that k G(H) is a Hopf subalgebra of H. 

Define u. and u as follows: 

uo(H) = k 1, 

u.+~(H) = {h ~ H  [ A ( h ) ~ k l  t~H + H @u.(H)}, 

u(H) = U u.(H). 
n~O 

It can be shown (see [9]) that u(H) is a Hopf  subalgebra of  H. If the 
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characteristic of  k is p > 0, it can be shown that up,_ i ( H )  is a Hopf subalgebra 

for r_>-0. 

The primitive elements of the Hopf algebra H are defined by 

P ( H ) =  { h ~ H  [A(h) = l ® h  + h ~ l } .  

It can be shown that P(H) is a Lie algebra, and that i fk  has characteristic 0 and 
P(H) generates H as an algebra, then H ~-- U(P(H)), where U(L) denotes the 
universal enveloping algebra of the Lie algebra L. (See [9] for details.) If k has 

characteristic 0, it can be shown that u(H) is generated by P(u(H)). 
The proof of  the following theorem can be found in [9]. 

THEOREM 1.3 (Harrison). Let H be a commutative, cocommutative Hop f  

algebra over the algebraically closed field k. Then 

H ~ k G(H) @ u(H). 

2. Continuous duals of polynomials 

We consider the polynomial algebra k[X] with coalgebra structure given by 
A(X n) = X n ~ X  ~ and e(X ~) = 1 for all n > 0. This gives a bialgebra structure 

on k[X]. In order to use the structure theory of Hopf algebras, we embed k[X] 
into the Hopf algebra k[X, X-l]  ~ kZ. To define a Hopf algebra structure on 

k[X, X -l] we let A(X ~) = X ~ @X" and e(X n) = 1 for all n ~ Z .  (The antipode 

on k[X, X -l] is given by S ( X  ~) = X -~ for all n EZ.)  
As described in Section l, k[X] ° can be identified with the space of linearly 

recursive sequences over k, and is a bialgebra. Each f E  k [X] ° is identified with 

the linearly recursive sequence (f~)~>_0, where f~ = f ( X  ~) for n > 0 .  The 
product in k[X] o is the Hadamard productfg = h where hn = f~g~ for all n >_- 0. 

Similarly k[X, X - l ] ,  can be identified with the space of sequences (f~)nez, 
where f~ = f ( X  ~) for n E Z. The product in k [X, X-1] ,  is again the Hadamard 

product under this identification. The algebra k[X, X-1] is a principal ideal 

algebra, With nonzero ideals cofinite and generated by monic polynomials with 

nonzero constant term. Hence the elements of the subalgebra k[X, X-  1]o are 

the sequences f =  (fn),ez such that there exists a polynomial p(X) = X r - 
p l X r -  1 . . . . .  p ,  with r > 0 and p~ ~ 0 such that 

(1) f ,  = P t f ~ - i  + "'" +P~fn-~ for all n EZ.  

The recurrence relation given by Equation (1) can also be read as 

f,. = pi-l(f.,+. _ Pl f . ,+.- ,  . . . . .  P.-2fm+2 - -  Pr--I fro+l), 
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letting n - r  = m, so that each term is a fixed linear combination of the r 
subsequent terms, as well as the r previous terms. We refer to this as back- 
solving. Since k[X, X -t] is a Hopf algebra, so is k[X, X-J] °. 

We now consider the following split short exact sequence: 

c¢ 

O-,K---,.k[X] ° ~ k[X,X-']°-,.O. 
# 

The map a is defined as follows. Suppose f E  k[X] ° is a recursive sequence. 
Then f E  (k[X]/((p(X)))* for some p(X) E k[X]. Write p(X) = Xkq(X) with 

q(X) a polynomial relatively prime to X. Then by the Chinese Remainder 

Theorem we have 

k[X]/(p(X)) ~ k[X] / (X  k) (~) k[X]/(q(X)). 

Also 
K[X]/(q(X)) k[X, X- 'I/(q(X)). 

These two isomorphisms give an embedding 

k[X, X-']/(q(X)) c_ k[X]/(p(X)). 

This embedding gives a coalgebra homomorphism 

(k[X]/(p(X)))* --. (k[ X, X-~]/(q(X)))*. 

Since k[X] ° is the union of the subcoalgebras (k[X]/(p(X)))* and k[X, X-~]° is 
the union of the subcoalgebras (k[X, X-~]/(q(X)))*, we get a coalgebra homo- 

morphism 

a : k[X] ° ~ k [ X ,  X-~] °. 

We show below that a is also an algebra homomorphism. 

In concrete terms, the map a is described as follows. If f is a recursive 
sequence which satisfies the polynomial p(X) = Xkq(X), by back-solving we 
can find a doubly-infinite recursive sequence (which satisfies the polynomial 
q(X)) which agrees with f a t  all points except possibly for f0 . . . . .  fk-l- This 

doubly-infinite recursive sequence is a(f) .  Note that a ( f )  is uniquely deter- 

mined by f.  To see that o~ is an algebra homomorphism, note that a(fg),, = 
a(f).o~(g), for all n sufficiently large, since the sequence a ( f ) .  agrees with the 

sequence f .  for n sufficiently large. Therefore a(fg). = a(f).a(g)n for all n by 

back-solving from that point. 

The map fl is induced by the embedding k[X] ~ k[X, X- ~]. It is simply the 
restriction of  a doubly-infinite recursive sequence to the nonnegative integers. 
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Clearly fl is a bialgebra homomorphism. Note that aft = I. The kernel K of a is 
given by 

K = Ker a -- {f[  f((xk)) = 0 for some k ->_ 0}. 

That is, K is the set of  sequences which are 0 almost everywhere. 
More precisely, Kis a bialgebra ideal in k[X] °, and k[X, X-1]o is isomorphic 

to a subbialgebra of k[X] °, and we have 

(2) k[X] ° ~-- k[X, X-'1° ~ K .  

We wish to determine the units in the algebra k[X] °. I f f E  k[X] ° is a unit, then 

a( f )~k[X ,  X-~]° is a unit. Conversely, suppose ~(f)  is a unit in k[X, X-t]. .  
Let g = a( f )E k[X, X-1]o. From Equation (2) we can write 

f = g  + z =g(1  + g - l z )  

so that, since g = a ( f )  is a unit, f is a unit if and only if 1 + g -  lz is a unit. But 

this is a recursive sequence which is 1 almost everywhere, so it is a unit in 
k[X] ° if and only if it is nowhere 0. 

This gives a method for deciding whether f E k [ X ]  ° is a unit in terms of 
whether a( f )E k[X, X-1]° is a unit: 

PROPOSITION 2.1. Let f~k[X]*.  Then 
(1) if  a ( f )Ek[X,  X-~] ° is not a unit, then f i s  not a unit; 
(2) i f  a(f) E k[X, X -  1]° is a unit, and fo, . . . .  fk- 1 are all nonzero, where X k 

is the maximum power of X dividing some polynomial p(X) associated 
with f ,  then f is a unit in k[X] °. 

PROOF. Part (1) follows immediately from that fact that units are mapped 
into units by algebra homomorphisms. To prove part (2), we observe that if  we 
write p(X)= Xkq(X), then if we identify f w i t h  an element of (k[X]/(p(X))* 
and g = a ( f )  with an element of (k[X, X-1]/(q(X))*, we have that f =  g + z, 
where z E(k[X]/(xk)) *, the set of  sequences (z,) such that z, = 0 for n > k, so 

that if g -  1 ~ k [X, X-  1] °, and if f0 f~, • • •, fk- ~ ~ 0, then f - 1 ~ k[X] °: if g -  
satisfies r(X), then f - i  satisfies Xkr(X). This completes the proof of  the 

proposition. 

Note that Proposition 2.1 gives us an effective method for determining 
whether f E  k[X] ° is a unit, assuming that 

(1) we have an effective method for determining a polynomial p (X) which J 

satisfies; 
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(2) we have an effective method for determining whether a doubly infinite 
sequence f E  k[X, X -  1]o is a unit. 

We will discuss item (2) in Section 4. 

We can use Proposition 2. I to show that the inverse of  the Fibonacci 
sequence is not recursive. The Fibonacci sequence 1, 1, 2 . . . .  in k[X] o maps to 
the sequence 

. . . .  2 , - 1 , 1 , 0 , 1 , 1 , 2 , . . .  

which is obviously not invertible. 

We will prove the following theorems, which are just restatements of  

Theorems 1.1 and 1.2 

THEOREM 2.2. The sequence f E k [ X ]  ° is invertible i f  and only i f f (X")  ~ 0 
for n >= O, and f agrees with an interlacing o f  finitely many geometric series, 
except for a finite number o f  terms. 

In fact, if f satisfies the polynomial Xkq(X) with q(X) not divisible by X, the 

finite number of  exceptional points must lie among f0,. • . ,  fk- 1. 

THEOREM 2.3. Let f ,  g be linearly recursive sequences with fg  -- O. Then 
except for a finite number o f  terms, f is the interlacing o f  the t sequences S ,  g is 
the interlacing o f  the t sequences gi, for i = 0 . . . . .  t - 1, and there is a partition 
{ 0 , . . . ,  t - 1} = I tO J such that f = O for all i E1 and gi = O for all i ~ J .  

3. The Hopf algebra k[X, X -1] ° 

In this section we investigate the structure of  the Hopf  algebra k[X, X-~]°. 
We will prove two theorems, which imply Theorems 2.2 and 2.3. 

THEOREM 3.1. The sequence f E k[X, X -  1] ° is invertible i f  and only i f f i s  an 
interlacing o f  finitely many nonzero geometric sequences. 

In proving this theorem, we may assume that the field k is algebraically 

closed. For if f is invertible, it is invertible when we extend the scalars to/~, the 

algebraic closure of k. If f is a linearly recursive sequence over k, and is a 

geometric series (ba") over/~, then b E k ,  since f0 = b ~ k .  Since b E k  and 

f = ba E k, it follows that a E k. Thereforef is  a geometric sequence over k. It 

is obvious that if f is an interlacing of  a finite set of  sequences over/~, it is an 
interlacing of  the same sequences over k. 

The second theorem is the following. 
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THrOR~M 3.2. The sequences f , g E k[X, X -  l]° satisfy fg  = 0 i f  and only i f  
for some t > O, f is the interlacing o f  the t sequences f ,  g is the interlacing o f  the t 
sequences gi, and there is a partition {0 . . . . .  t - 1 } = I U J such that f = O for 

all i ~ I, and gi = 0 for all i E J. 

In proving this theorem it is clear that we may assume that k is algebraically 

closed. To prove Theorems 3.1 and 3.2 we must examine the structure of  the 

Hopf  algebra k[X, X- l]  o. 
We first identify the grouplike elements G(k[X, X-1]o) and the irreducible 

Hopf  subalgebra u(k[X, X -  t]o). 
Let f E G(k[X, X-1]o). Direct computation gives f ( X  i +J)= f(X~)f(XO, that 

is, f +j = f fj for i, j E Z. In particular, f0  2 = fo. If  f0 = 0, then f --- jc0 +~ = f0 f = 

Of = 0. Therefore f0 = 1. Since f0 = f f - l ,  we have that f ~ 0. A simple 
application of  mathematical induction gives that f ,  = f~  for n ->_ 0. Since 

f0 = f ,  f - , ,  we have that f ,  = f~  for all n ~ Z. Let e(a) denote the geometric 
sequence (a"),ez. We have shown that i f f ~  G(k[X, X-i]o), then f =  e ~ )  and 

f~ ~ 0. Note that e(ab) = e(a)e(b). This proves that the group G(k[X, X-~]°) is 

isomorphic to the multiplicative group k × of  nonzero elements of  k. 

Recall that if k has characteristic 0, then u(k[X, X-~]°) is just the universal 

enveloping algebra of  the Lie algebra of  primitive elements of  k IX, X -~] °. We 

now determine P(k [X, X -  1] °). If  f ~  P(k[X, X -  1] o), then f,n +, = f ( X "  + ") = 
f ( X" X" )  = e(X") f (X")  + F(X")e(X")  = f,, + f , .  It follows that f ,  = nf .  We 
have proved that P(k[X, X-l ]  °) = kD, where D(X") = n, so that if k has 

characteristic 0, we have that u(k[X, X-q°)=~ k[D]. 
For arbitrary k, u(k[X, X-110) = U,~0 u,(k[X, X-~]°). We will prove that 

u, (k [X, X-I]  0) is the set of  sequences which satisfy the polynomial (X - 1 )" +~. 

For n = 0, we have that u0(k[X, X -  i] o) = k 1, the set of  constant sequences. On 

the other hand, the sequences to which the polynomial X - 1 is associated are 

exactly the constant sequences. Now suppose n > 0. T h e n f E  u, (k[X, X-110) if 
and only i fA(f)  ~ k 1 ¢~ k[X, X -  1] o + k[X, X -  t]° ~ u,_ t(k[X, X -  i].), which is 

true if and only if A(f)(p @q) = 0 for all p E ( X  - 1), q E ( X  - 1)n, which is 

true if and only i f f(((X - 1)"+~)) = 0. 
Suppose now that the characteristic of  k is p > 0. Then for r >= 0 we have 

that up,_ 1 is the set of  sequences which satisfy (X - 1)P' = X p' - 1, the set of  

periodic sequences with period p' .  This is clearly a separable algebra, since it 

has a basis of  orthogonal idempotents v0, v~ . . . .  , vp,_ i defined by 

1 i f j  ~ i (mod p~), 
vi(X j) [ 0 otherwise. 
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We will use the following lemmas in the proofs of  Theorems 3. l and 3.2. 

LEMMA 3.3. Let k be afield, and let A be an algebra over k with no nonzero 
nilpotent elements. Then the units of  the polynomial algebra A [X] all lie in A. 

PROOF. This is found in [1, page 11]. 

LEMMA 3.4. Let F be a finitely generated free abelian group. Then the units 
of the group algebra kF are all of  the form cg, where c E k ,  c ~ O, and g ~ F .  

PROOF. This follows immediately from material in [4, Section 26]. 

LEMMA 3.5. Let F be a fnitely generated free abelian group. Then the 
group algebra kF has no nontrivial zero divisors. The polynomial algebra kF[X] 
has no nontrivial zero divisors. 

PROOF. This follows immediately from material in [4, Section 26]. Since 
kF has no nontrivial zero divisors, neither does kF[X]. 

The "if" portion of Theorem 3.1 is trivial. We now prove the "only if" 
portion. Suppose that k has arbitrary characteristic. Denote u, (k [X, X -1] °) by 
u, and u(k[X, X-1]o) by u. Suppose that f E  k[X, X-1]o is invertible. Let 

p ( X )  = ( X  - h i )  ~ .  . . ( X  - br)  £ 

be the polynomial of minimal  degree associated with the sequence f ,  and let 

q ( X )  = ( x  - c , ) g , .  . . ( x  - c )g, 

be the polynomial of minimal  degree associated with the sequence f - 1 .  Let 
{a~ . . . . .  at} be the set of roots of the polynomials p(X) and q(X), and let ej be 
the largest of the multiplicities with which ai occurs in the polynomials p(X) 
and q(X). Then 

f, f - 'E e(al)Ue~-1 ~)"" ~ e(at)He,_l. 

Let G be the subgroup of  k × generated by (a~ . . . . .  at}. Since G is a finitely 
generated abelian group, G --~ K × F,  where K is a finite group, and F is a 
finitely generated free group. Since K is isomorphic to a finite subgroup of k x, 
K is cyclic, and its order is not divisible by the characteristic of  k. 

If  the characteristic of k is 0, then f a n d f -  1 are in kK ® kF ® k[D]. Lemma 
3.3 implies that f a n d  f - 1 are in kK ~ kF. 

If  the characteristic of k is p > 0, let pr he the smallest power o f p  satisfying 
pr > e~- for i = 1 , . . . ,  t. In this c a s e f a n d f  -1 are in kK~kF~up ,_~ .  
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Since the characteristic of k does not divide the order of K, kK is a 
semisimple algebra (see [3, Theorem (10.8)]). In particular, since k is algebrai- 
cally closed and K is abelian, kK has a basis of orthogonal idempotents. We 
give an explicit description of these idempotents.  Let m = I K I, and let ~ ~ k 
be a primitive mth  root of 1. Then 

K = {e(~O [J  = 0 . . . .  , m - 1}. 

The character Z~ of K is defined by 

z i ( e ( ( j ) )  = ~ij, 

for i, j = 0 , . . . ,  m - 1. The orthogonal idempotents in the basis of  kK are 
therefore given by 

1 m-- I  
Zi ~ ' - -  2 ~ - t J e ( ~ )  • 

m j=o 

(The proof  of [3, Theorem (33.8)] works in this case, even though that theorem 
is stated only for characteristic 0.) 

We now determine which linearly recursive sequence is represented by the 

idempotent  z~: 

1 m--1 
z ; ( X " ) = -  2 

m j=o  

1 m--1 
= -  y, 

m j-0 

~n mod m, i • 

In other words, the linearly recursive sequence represented by zi has 1 in its 
(i + xm)th  position, and has 0 elsewhere. Therefore the linearly recursive 
sequences in kK are the periodic sequences of period m. 

Suppose that the characteristic of  k is 0. Since kKt~ kF has no nonzero 
nilpotent elements, Lemma 3.3 implies that any inver t ib lefE kK t~ kF. Since 
kK=~)imo I kz~, it follows that k K ® k F = ~ ) ~ o  I kFz~. It follows from 

Lemma 3.4 that if f is invertible, 

rn- I  

f =  ~ cie(a~)zi, 
i=O 
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with a~ E F ,  c~ E k and c~ ~ 0. This says that f is the interlacing of  the m 
geometric sequences (c~aF). 

A more direct way to see that a Hadamard invertible sequence f m u s t  be an 

interlacing of  geometric sequences in characteristic 0 is as follows. For 

0 < i < rn let T,. : kK X F --* kF be defined by 

Ti(e(a)) = a~e(am). 

It is easily checked that T~ is an algebra homomorphism. If  f =  ~,~ d~e(bt)~ 
kK × F i s  invertible, then T,.(f) is invertible, and so must be of  the form c~e(a~). 
We claim that f i s  the interlacing of  the m geometric sequences (c~aF). To see 

this, note that the (i + j m ) t h  term of f is Y, tdtbl +jm, which is the j th  term of 

T~(f), and so equals cial. Therefore f i s  the claimed interlacing. 

Suppose now that the characteristic of  k is p > 0, and we have that f ,  

f -  1E kK ~ kF ~ up,_ 1. Let A = kK ® up,_ i- The algebra A has a basis of  
orthogonal idempotents wt = z~vj, where i = 0 , . . . ,  m - l , j  = 0 , . . . ,  pr _ 1, 

and l = ip r + j m .  Note that wz is the linearly recursive sequence which has 1 in 

its (ip r + j m  + xmpr)th positions, and 0 in its other positions. Note that 

m•l A ~ kF = kFwi, 
1 - 0  

and that kFwt ~ kF. Therefore 

m p  r -  1 

f =  Y, cle(al)wt 
l ~ O  

with at E F, ct ~ k and q :~ 0. Thereforefis  the interlacing of  the mp" geometric 
sequences (ctap). This completes the proof of  Theorem 3.1. 

To prove Theorem 3.2, we observe that as in the proof of  Theorem 3.1 we 

may assume that f a n d  g ~ @~S~ kFw~ (if the characteristic of  k is p > 0), or 

that f a n d  g E I ~ S ~  kFz~ [D] (if the characteristic of  k is 0). If  the characteristic 
of  k is p > 0, since (fw~)(gw~) = 0, by Lemma 3.5 fwi = 0 or gwi = 0. That is, we 

have a partition { 0 , . . . ,  t - 1 } = I U J such that fw  i = 0 if i E I, and gwi = 0 if 

i E J .  A similar argument with wi replaced by zi applies in the case where the 
characteristic of  k is 0. 

The decompositions f = X fw~, g = Z gw~ (or in characteristic O, f = Z fz~, 

g = Z gzi) correspond to representations o f f  and g as interlacing ofsequencesS 

and gi. The fact that fw~ = 0 (or fzi = 0) for i E I implies that f~ = 0 for i E I. 

Similarly, gg = 0 for i ~ J .  This completes the proof of  Theorem 3.2. 
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4. Effectiveness of the determination of units in k[X, X-']° 

We now show that we have an effective means of  deciding whether a 

recursive sequence f ~  k[X, X-']° is Hadamard invertible. We have shown in 

Theorem 3.1 that f i s  Hadamard invertible if and only if it is an interlacing of  

geometric sequences. We must show that we can find f romfa lone  a bound on 

the number of  geometric sequences of  which it is an interlacing, if it is 

Hadamard invertible. 

We first prove a lemma which we will use in the proof  of  the main theorem of 

this section. 

LEMIVtA 4.1. Let F be a free subgroup of k ×. A sequence gEk[X, X-I]  ° 

satisfying the polynomial p(X), all of whose roots are in F, is Hadamard 
invertible if and only if it is a geometric sequence. 

PROOF. The "if" portion of  the lemma is immediate. We now prove the 

"only if" portion. By Theorem 3.1, since g is invertible, it is the interlacing ofs  

geometric sequences go,. • . ,  gs-l, with gi = d~e(b~). Since g E kF, we have 

l 

g = E qe(aj) 
j - I  

with the aj E F distinct. Now 

t 

g, = E qaje(aJ) 
j = l  

2 cjaje(a]) = d,e(b,) 

Therefore 

(3) 

f o r / = 0  . . . . .  s - 1. 

f o r / = 0 , . . . , s  - 1. 

THEOREM 4.2. Let the sequence f~k[X ,  X-l ]  * satisfy the polynomial 
p(X). Suppose that the order of the torsion subgroup of the subgroup of k × 
generated by the roots of p(X) is m. I f  the charactersitic ofk is p > O, let pr be the 

We now prove a theorem which allows the effective determination of  

whether a linear recursive sequence in k[X, X-  1]o is Hadamard invertible. 

Since F is free and the aj are distinct, it follows that the a] are distinct. Now 

Equation (3), which holds in the group algebra of  the group k x, implies that 

s = 1. Therefore g is a geometric sequence. This completes the proof  of  the 

lemma. 
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smallest power o f  p not less than the largest multiplicity o f  the roots o f  p(X). 
Then f is a unit i f  and only i f  f is the interlacing o f  m geometric sequences i f  the 
characteristic o f  k is O, or mp r geometric sequences i f  the characteristic o f  k is 

p > 0 .  

PROOF. The "if" portion of the theorem is immediate. We now prove the 
"only if" portion. Let G be the subgroup of k x generated by the roots of  the 

polynomial p(X). We know that G ~ K × F, where Kis a finite group, and Fis  

a finitely generated free group. If the characteristic of  k is 0, let t = m; if the 
characteristic of  k is p > 0, let t = mp r. The proof of the "only if" portion of 

Theorem 3.1 (which follows Lemma 3.5) can be used to show that f i s  the 
interlacing of t sequences f, E kF. Since f is an invertible linearly recursive 
sequence, it follows that the sequences ~ are invertible. By Lemma 4.1, the 

sequences fi are geometric sequences. This completes the proof of the theorem. 

Theorem 4.2 can be used effectively to determine whether f E k [ X ,  X-~] ° 

satisfying the minimal polynomial p(X) is Hadamard invertible. To do so, we 

first determine the order m of the torsion subgroup of the subgroup of k x 
generated by the roots of  p(X). (If the characteristic of  k is p > 0, we also 

determine the smallest power pr ofp  not less than the multiplicities of  the roots 
ofp(X).)  Examination of the first 3m (or 3mp ~) terms of  the series gives the 
polynomial (X m - a t ) . . . ( X "  - a m )  which is the polynomial which an inter- 
lacing of the m geometric series (btaF) must satisfy. Then we simply determine 

whether p(X) divides this polynomial. 

Note that p(X) might properly divide the polynomial 
( X  m - - a l ) ' '  " (X  m - a m ) .  For example, if the characteristic of  k is not 2, the 

sequence 

given by 

satisfies the 
interlacing 

. . . .  1 , 1 , 1 , 2 , 1 , 1 , 4 , 1 , 1  . . . .  

= I 

f3=2 

I 

f~ = 3f~_ 3 - 2fn- 6 for n > 6 

polynomial p(X) = X 6 - 3X 3 + 2 = (X 3 - 2 ) ( X  3 - 1). It is the 

of three geometric sequences 1 , 2 , 4 , . . . , 1 , 1 , 1 , . . . ,  and 
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1, 1, 1 . . . . .  which tell us that it satisfies the polynomial (X 3 - 2 ) ( X  3 -  1) 2 

which is a proper multiple ofp(X).  
We now give an example to illustrate the use of Theorem 4.2 to show that a 

sequence is not Hadamard invertible. Let the characteristic of k be 0, and l e t f  
be the sequence 

given by 
. . . .  1, 3, 7, 15, 3 1 , . . .  

f o = l  

f = 3  

fn = 3 f n - I  - -  2 f n - 2  for  n > 2 

Then f satisfies p ( X )  = X 2 - 3 X  + 2 = ( X  - 1)(X - 2). The subgroup of k x 
generated by the roots ofp(X)  has torsion subgroup equal to ( 1 }, so that if f is 
Hadamard invertible, f m u s t  be a geometric sequence, which it is clearly not. 
There fore f i s  not Hadamard invertible. 
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